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Abstract: The Herzog and Son prescription [|J for computing real-time Green functions 
for finite temperature gauge theories from their gravity dual is generalized to fermions. 
These notes explain how such an extension involves properties of spinors in a curved, 
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1. Introduction 

The gauge-string duality relates some classes of field theories to dual string theories in 
specified background space-times j2|. While string theory in a curved background does 
not generally lends itself to tractable calculations and even to our understanding, its low- 
energy supergravity limit is far more compliant. In the case of asymptotically AdS spaces, 
the dual field theories are in the large 't Hooft coupling limit. The AdS/CFT corre- 
spondence thus provides a framework for understanding strongly-coupled gauge theories. 
Recent work has been devoted to computing transport coefficients |3|, ||, [|, ^, ||, |6| and 
gaining insight into dynamic and nonequilibrium settings (9|, 1C] from the correspondence. 



Most of them required a real-time formulation of finite temperature field theory. The way 
real-time correlators can be derived in AdS / CFT is hinted by the following analogy. There 
is a doubling of the degrees of freedom in the Schwinger-Keldysh real-time prescription 
(reviewed in Section 2 of this paper). On the other hand, the Penrose diagrams of asymp- 
totically AdS spacetimes with a black hole 1 exhibit two boundaries (cf. Figure 1. below), 
on which the dual gauge theory fields live. This conjecture was proved by Herzog and Son 
Q. They showed how the 2x2 matrix of two-point correlation functions for a scalar field 
and its doubler partner field is reproduced from the AdS dual supergravity action. Their 
work also made it clear that the thermal nature of black hole physics gives rise to the ther- 
mal nature of its dual field theory. In these notes, we would like to extend their work and 
find out how black hole physics gives rise to real-time correlators of fermionic operators 
in a dual finite-temperature field theory. While deriving real-time propagators of vector 
field operators from AdS/CFT is an obvious extension of the scalar field case expounded 
in jjj], the case of fermions proves less straightforward. The analysis presented below relies 
on a treatment of spinor fields in curved space-times and on their transformation laws 
under global symmetry transformations. We begin by reviewing in the next section the 



1 whose temperature is that of the dual gauge theory, according to the AdS/CFT correspondence 
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Figure 1: Kruskal diagram for AdS-Schwarzschild black hole 



Schwinger-Keldysh formalism for real-time finite temperature field theory. This section 
collects results usually dispersed among the literature, as this formalism is usually exposed 
for a scalar field. We present the 2x2 matrix of two-point correlation functions for a 
fermionic operator and its link with the retarded and advanced propagators. Section 3 
reviews how the retarded Green function for a fermionic operator at strong coupling can 
be computed from the dual supergravity spinor classical action in AdS/CFT. Section 4 is 
devoted to a short review of spinors in curved and complexified space-times. These are 
important for the analysis of Section 5 where we review the relationship between positive- 
and negative-energy modes of a wave equation and analyticity conditions in the com- 
plex Kruskal planes of the underlying background. These conditions lead to the real-time 
propagators for fermionic operators from the dual boundary action in the gauge-gravity 
duality. 

Recently, there has been a sustained interest in fermions from theories with gravity du- 



als. In 1 11] the two-point function for a fermionic operator in a non-relativistic conformal 



field theory is computed. The gravity dual corresponds to fermions propagating in a back- 



ground with the Schrddinger isometry. The authors of [12] argue that the gauge-gravity 
correspondence proves a useful tool for exploring fermionic quantum phase transitions. The 
retarded fermion Green function is found from an analysis of the solutions to the Dirac 
equation and its quasi-normal modes in an AdS Reissner-Nordstrom black hole. Real-time 
correlators for non-relativistic holography have been considered recently in [13], where the 
construction of [|14|, 15] is involved. For an explanation of how their construction general- 
izes the one due to M used here to the case of distinct sources on the R and L boundaries 



of a Penrose diagram, see [16]. It would be interesting to apply the approach contained in 
the present notes to more general geometries, possibly duals to non-relativistic conformal 
field theories 0, H, PJ, M- This 

paper offers to explain how Schwinger-Keldysh n-point 



functions can be computed from string theory, thus emphasizing the latter as a relevant 
approach to tackle some models or phases of condensed matter physics. 
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2. Review of Schwinger— Keldysh formalism for fermions 



The Schwinger-Keldysh prescription allows for a study of real-time Green functions by 
introducing a contour C in the complex time plane [21, 1 



. Fields live on this time contour. 
The forward and return contour of the path are labelled by indices i\ and 7 2 respectively. 
The idea is that the quantum dynamics does the doubling of the degrees of freedom required 
for describing non-equilibrium states. The starting point / at time ti and the ending point 
B at ti — i(5 are identified and fermionic fields are such that Tj = — T#. In the remainder 



of this paper, the conventions for the propagators are those of [23] 
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Figure 2: The Schwinger-Keldysh contour 



The action splits into contributions from the four parts of the contour: 
S = Jdt c L(tc), 



■f 



dtL(t)-i dTL(tf-ir)- dtL(t - ia) - i drL(tj-ir), (2.1 



where 



L(t) = J d d - x xL [T(t,x),T(t,x)] . (2.2) 
The generating functional is defined as 

Z= I VTVtexp (iS + i ^ d d xf) 1 T 1 + i f * d d xf 1 r h - i f * d d xr? 2 T 2 -if* d d xf 2 m 

(2.3) 

where the sources 77^2 and the fields are such that 

Ui(t,x) = j)(t,x), Ti(i,x) = T(t,x), 

I 772(2, x) = rj(t - ia,x), T 2 (i,x) = T(t - ia, x). 

The same relations hold for their conjugates. The contour-ordered Green functions are 
mapped into a matrix whose components are indexed by the position on the contour: 

iG(j, k) = = J G ^ G A . (2.5) 

i 2 tiVj^vl \G2i G22 J 
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The time in the components of this matrix of Green function is standard time and in the 
operator formalism 

f G u (i,x) = -i(TT(t,x)Tt(0)>, Gi a (t,x) = +i(Tt(0)T(i,x)>, , , 

|G 2 i(t,x) = -i(T(t,x)Tt(0)}, G 22 (t,x) = -i(fT(t,x)Tt(0)). { ' } 

Note the sign reversal in G\ 2 as compared to the case where the fields are bosonic. T and 
T denote the time-ordering and anti-time-ordering operators. The fields are taken in the 
Heisenberg picture. Those Schwinger-Keldysh correlators are related to the retarded and 
advanced Green functions through 



/ G R (x -y) = -i0(x° - y°)({T(x), Tt(y)}), 



(2.7) 



\ G A (x -y) = +i0(y° - x°)({T(x), T%)}). 
The relation 

G R (x-y) = G\(y-x) (2.8) 

is valid, irrespective of the fields obeying a Bose-Einstein or Fermi-Dirac statistics. Using 
( |2.6|) , and the completeness relation for a complete set of state results in 

Gn(k) = -ReG R (k) + i tanh{^)ImG R (k) , 



o k 



(I 



G l2 (k) = -^ WT lmG R (k), 

U 6 t,o 2.9 
G 21 (k) = ^^lmG R (k), 

G 22 {k) = ReG R (k) + i tanh(^)ImG R {k) . 

When cr = 2 — a value which will naturally appear in the following — G\ 2 {k) = —G 2 \{k). 
o = yields G 21 (k) = G>(k) and G 12 (k) = G<{k). Since G 21 {k) - G 12 (k) | CT=0 = 
2iImG R (k), the relationship 

G R {k)-G A {k) =G>(k)-G<(k) (2.10) 

holds as required whatever the quantum statistics of the fields under consideration. The 
main purpose of these notes is to show how the above relations ( |2.9| ) are derived in 
AdS/CFT. Herzog and Son Q obtain analogous relations for a scalar field. As it turns 
out, when one tries to extend their result to correlators of fermionic operators one runs 
one runs into some specific and non completely obvious issues. 

3. Review of fermionic retarded correlators in AdS/CFT 



This section reviews fermions in AdS/CFT [24, [23]. The prescription for computing re- 



tarded fermionic Green functions draws on the approach of Iqbal and Liu [26, 27], where 
conjugate momenta for supergravity fields are defined with respect to a r-foliation. This 
is suggestive of some sort of stochastic quantization interpretation of the AdS / CFT corre- 
spondence. 
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Consider a boundary fermionic operator O whose gravity dual is a spinor field The bulk 
background space-time metric 

ds 2 = g rr dr 2 + g^dx^dx 11 (3-1) 

is subjected to the asymptotically-AdS conditions 

gtt,9ii~r 2 , g rr ~l/r 2 , r -> oo. (3.2) 

The d-dimensional boundary is a r — > oo. The AdS/CFT prescription for computing 
n-point functions of a quantum field theory from a classical supergravity action goes as 



exp 



d d x (xoO + Oxo) 



— e iSsUGRA[XO,Xo] ^3 3^ 

QFT 



where xo = lim^oo r rf_A \E' and A is the scaling dimension of O, related to the mass m of 
the bulk spinor. Imposing such a Dirichlet boundary condition on spinors requires care, 
especially given that this condition must relate a spinor in the bulk in d + 1 dimensions 
to one in d space-time dimensions on the boundary. Given that our focus is on Green 
functions, the quadratic part of the action for ip meets our purpose. It is given by 

S = i I d d+1 xy/=g~ (^T M D M ^ - m\P*) + S d M, (3.4) 

J M 



with ^ = \fdr*. The covariant derivative is specified by the spin connection 



D M = d M + \u; abM r ab , (3.5) 

where F ab = T^T b l Upper -case letters stand for abstract space-time indices, while lower- 
case ones denote tangent frame indices. The two are linked through a choice of vielbein e M , 
defined by Gmn = e M e b N T] ab , with 77^ a d + 1-dimensional Minkowski metric of signature 
(— , +, +, +) such that 



{r\r b } 



2rf b . (3.6) 



The inverse vielbein satisfy r\ ab = Gmn^ ' e b ' • ^he s P m connection components are given 
by uJabc = effubcM and uj abc = \ (d bca + £ ac b - £ a bc), where [e a , e b ] = V ea e b -V eb e a = £ c ab e c - 
Alternatively u> ab M can be viewed as the components of 1-forms u) M in Cartan's structure 
equations [28]. Whenever a specific index appears as a label on a Gamma matrix, it refers 
to that particular index in the tangent frame. For d even, a convenient choice for the bulk 
Gamma matrices is 

r^ = y\ r = 7 d+1 , (3.7) 

7^ being the boundary gamma matrices and 7 d+1 being proportional to their product. 
When d is odd, it is appropriate to choose 
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They satisfy the Clifford algebra. So, for general d 

* = + * ± = r±*, r± = i(i±r r ), (3.9) 

with ty± being opposite chirality Weyl spinors when d is even, and ^-dimensional Dirac 
spinors for d odd. Whatever the value of d the number of components of the fermionic op- 
erator O is always half that of its dual ^f. Quite generally ^9|, Appendix B, D-dimensional 
gamma matrices are constructed by noticing that for D even, increasing D by 2 doubles 
the size of the Dirac matrices. They can therefore be constructed iteratively, starting in 
D = 2 with 

H-)' r ^t-)' 

to the following in D = 2k + 2 

r *->'®l~ot}- rD " 2 = '<8>(?j)- rD - 1 = '<8>(°~o i )- (3n) 

Here, 7 M , p = 0, D — 3 are 2 k x 2 k gamma matrices and I is the 2 k x 2 k identity matrix. 
When D is odd, simply add T D = T or — F to the set of D — 1 gamma matrices. Note that 
from our conventions for the metric and anti-commutation relations the 0-component of 
gamma matrices is anti-hermitian while other matrices are hermitian. In order to solve the 
equations of motion near the boundary and find the scaling dimension A of the fermionic 
operator 0, one refers to the usual Frobenius procedure of trying for solutions of the type 
r P J2^=o ^n(t, x' l )/r n . ^ n are boundary spinors. Consider for instance the case of pure 
AdS, ds 2 = r 2 (—dt 2 + dm 2 ) + Setting e M = rdx^, e r = ^, the non-vanishing spin 
coefficients 

ujtr = —rdt, u>i r = rdx 1 . (3-12) 

The Dirac equation 

[0 - m] * = 0, (3.13) 

with Tj) = T M Dm, becomes 

rT r d r ty + -r . k^ + -T r ty - m* = 0, (3.14) 
r 2 

where V . k = "y^k^. Then p must be set to p = | rbm and is annihilated by | (1 ± r r ), 
respectively. Incidentally, the scaling dimension is therefore found to be A = | + m. The 
leading asymptotic behaviour of *$>± is then 

V + (k,r) = X Q{k)r m -i +\u{k)r-i- m -\^_(k,r) = Mk)r~^~ m + p (k)r m - i~\3.15) 

Note that the dominant term (when m > 0) has been denoted xo ° n purpose, as a reference 
to the source for the dual operator O in (13.31): 



lim r d_A tf+ = xo- (3-16) 
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Inserting this back into their equation of motion yields 

/ Mk) = -%^(l + 2m)X (k)- 



i*y . k 
Tim 



Xo(k). 



(3.17) 



If one then demands that the solution be regular in the whole of AdS space, it turns out 
that xo and ipo are not independent. Note that this is not apparent from the analysis 
presented above where xo and ipo are the boundary values of the fields ^ + and A 
general solution to the Dirac equation near the boundary is a superposition of those fields. 
However the Dirac equation can be solved exactly in a few cases, including pure AdS. In 
this latter case, suitable solutions are given by 







r 




k 2 


r 






r 




as r 





(3.18) 



, 0(fc) = _^ (|)^ T ) x 
k z r(i + m) 



.2/ _ V2 
•2 

More generally ipo and xo are related by a matrix S: 



Mk)=S(k) X0 (k). (3.20) 

Regularity in the bulk and a given boundary condition xo f° r when m > then uniquely 
determine a solution \& to the classical equations of motion. Similar relations apply for ^ + 
and 4 r _. Note that relations such as ( |3.19| ) or ( 3.20) ) are on-shell relations. Other off-shell 



histories contributing to the variational principle can be constructed as superpositions of 
independent ^+ and We now turn to a discussion of the variational principle. The 
boundary term in (|3.4| ) will be determined from stationarity of the action. That one cannot 
fix all the components of ^ and ^ but must rather set conditions on, say, xo> Xo> and leave 
tpo, ipo free to vary 2 , stems from the Dirac equation being first order in derivatives. Varying 
with respect to ^ the Euclidean action 

S = ~J m d d+l x^ Q - - m\ *, (3.21) 

one finds a surface term, i.e. 5S = Cqm+ bulk term, where the bulk term involves radial 
derivatives and is proportional to the equations of motions, while 



c dM =~ / d d x [Sipoxo + Xo^o) (x) 
1 JdM 



--8\ \ f d d x (^oxo + XoV>o) (x) \ , (3.22) 

JdM 



2 On-shell they become functions of the boundary conditions xo, Xo- 
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given that 5xo = and 5xq = 0, as explained above. Since Cqm does not vanish, that 
the action must be stationary requires that one adds to it a boundary term Sqm such 
that Cqm = —SSqm- Actually, since they are fixed, one may add any function of xo an d 
Xo to the action without breaking the stationarity condition. However conditions such as 
locality, absence of derivatives and invariance under the asymptotically AdS symmetries 
seem to uniquely select a boundary term [25]. Hence, after another Wick-rotation to go 



back to a Lorentzian signature, 

S aM = -i[ A^W+W- (3.23) 
JdM 

The factor of g rr entering the square root comes from the vielbein. We now review the 
prescription derived by Iqbal and Son [27|] for computing retarded propagators. It 
amounts to taking Euclidean canonical momenta conjugate to ^f± with respect to a r— 
foliation: 

n+ = -VsF^-, n_ = -v^ F5r *+. (3-24) 

Then ( 3.15|) and ( |3.16|) result in 

(O) xo = - ton r A - d U + , 

r— >oo 

= 4- (3-25) 



From ( 3.2C| ), i.e. ipo = Sxo, and analytic continuation, one obtains retarded correlators in 



Lorentzian signature: 

G R (k) = iS(k)^. (3.26) 
The 7* gamma matrix arises since Gr ~ (OO'), rather than (OO). 

4. Spinors in complexified space— time 

In order to generalize the work of Herzog and Son Jl|] to fermions, it is necessary to consider 
spinors in curved space-time. Besides, a potential difficulty arises given that Q relies 
crucially on analycity of complexified Kruskal coordinates, pi], section 6.9, has a few pages 



devoted to spinors in complex space-times. [31, p2[] provide a complementary treatment of 



spinors and twistors. A spin space H of complex dimension two comes with each point of 
the underlying space-time manifold. The members of such a space are negative-chirality, 
dotted, say, Weyl spinors. Undotted spinors are members of the complex conjugate space 
The manifold being complexified, H and R must be viewed as independent spaces, so 
that pairs of spinors £ a and £ a which previously determined one another under complex 
conjugation, are replaced by a pair of independent such spinors. A complexified space-time 
originates from a real underlying space-time by allowing its coordinates to take on complex 
values and by extending the metric coefficients analytically to the complex domain. Note 
that this is distinct from a complex space-time where generally no subspace can be singled 
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out as real. Defining a spinor basis or dyad {s a ,z a } for N and j? ,^} for each comes 
bestowed with its own indices-lowering e Q/ g spinor or e-g spinor, such that e(q, i) = 7 and 
e(<r, 1) = 7. When 7 = 1, the dyad is called a spin-frame. Associated with any spin frame 
is a null tetrad 

I = m = si, n = zz, m = (4-1) 

which spans the tensor product space This illustrates the standard connection 

between world-tensor indices a as a pair of spinor indices, one dotted and one undotted. 
From e and e, a symmetric metric on T is built such that 

g(l,n) = l, g(m,m) = -l, (4.2) 

with all other scalar products vanishing, i.e. 

9ab = eapc^p- (4.3) 

K (^) H endowed with this scalar product has the structure of a tangent space to a complex- 
ified manifold. In the Newman-Penrose formalism a basis for the tangent space is a null 
tetrad consisting of two real vectors and one complex-conjugate pair of vectors. Consider 
the complexified manifold obtained from a metric of type ( |3.1[ ) describing a geometry with 
a horizon. Let U and V label its Kruskal coordinates. In the context of an asymptotically 
AdS black hole geometry they are introduced below around (|5.3|). Staying general for now, 
a basis for the tangent space is given by four null vectors 

dU' dV dc~ 2' dc~ 2' {4A) 

with parameterizing the anti-celestial sphere. It is related to by an antipodal map. 
Let us map I, n, m and m to -J^, ^7, and Jjr, respectively. The spinors q and 1 are 
then associated with the null vectors -^j and ^7, respectively. Given that the vector U -j^j 
is parallely transported along the orbits of -^y and those of (all the same for V-^) 




dV 



0, (4.5) 



the spinors yVi and y—Uq or y—Vi and vC7? are parallely transported across the full 
U and V complex planes. Equation ( f4.5| ) results from U = const, and V = const, each 
corresponding to null geodesies. Geodesies are defined such that their tangent vector field n 
obeys V n n = 0. Generally any vector T is said to be parallely transported along the orbits 
of vector field n if V n T points in the direction of T. This happens above with n = -J^j and 
T = U-Jjjj: V_a_ [U -Jjlj] = UV a -Jfij + (^7 \U ]) -Jfij. The parametrization of a geodesic can 
be rescaled so that a = 0, though, a being the proportionality factor between V n T and T 
above. 

This choice of spinor basis will appear naturally in Section 5. \J—U and the likes are pivotal 
in generating Fermi-Dirac distribution functions. We should also note that even though 
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the AdS setting presented below involves spinors in a bulk geometry of dimension five, the 
present discussion on spinors in a complexified four-dimensional space-time is of relevance 
due to the decomposition ( |3.9[ ) of a general bulk spinors evolving in d + 1 dimensions into 
d-dimensional spinors. The latter are used in the following as in, e.g., p4| , |25| , [2f|, and 
while in five dimensions an extra fifth basis vector should appear in ( |4.4| ) , it is irrelevant for 
the present purpose. ^± spinors will be expanded in the basis constructed out of Kruskal 
coordinates and i, <r. 



5. Real— time correlators from gravity 

While the results about to be derived below should be applicable to a broader class of 
finite-temperature field theories with a gravity dual, we focus on theories arising from 
non-extremal D3 branes. Boundary values of supergravity fields in the resulting AdSs 
background provide the N — > oo, gy M N — > oo limit of M = 4 SU(N) supersymmetric 
Yang-Mills correlators. In the near-horizon limit the metric on a stack of non-extremal 
D3 branes reads 3 

dr 2 

ds 2 = (vrTiir) 2 (-f(r)dt 2 + dx 2 ) + R 2 ^^, (5.1) 

where f(r) = 1 — \. The boundary is a r — » oo and the horizon at r = 1. Here, T is the 
Hawking temperature of this AdS-Schwarzschild black hole and R is the radius of AdS. 
The analysis of |IJ] relies on the behaviour of a scalar field in this background. Near the 
horizon, -4, = 1 + e, solutions to the wave equation behave as e lk ° r * and its conjugate, with 
k° = iv and r* being the tortoise coordinate: 

dr* 1 1 1 / 



arctan(r) + log \ . (5-2) 



dr ttT r 2 f(r) ' 2-kT I V r + 1 

The Kruskal coordinates are defined as 



e -2nT(t + r*) 

2t7T ' 

e 2-nT(t-r*) 

2^T • 



(5.3) 



The Penrose diagram of Figure 1. is constructed from these coordinates. The retarded and 
advanced solutions comport themselves as 

J e- iujt f(k,r) ~ e -^r ln{ y\ in-falling, 
\e- iujt f*{k,r) ~ e ^T ln (- u \ out-going. 

When we considered solutions to the wave equation, we were working in the R-quadrant, 
U < 0, V > 0. However, as explained in Q if one extends the mode functions to the 
complex U and V planes, one finds that positive-frequency solutions to the wave equation 
are analytic in the lower U and V complex planes. A solution is composed of only negative- 
frequency modes provided it is analytic in the upper U and V planes. With regard to 



3 Setting R — 1 for convenience. 
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the modes of ( p.4[) one then requires that the solution be analytic in the lower V plane 
and the upper U plane. Since in the r — t coordinates one can solve the wave equation 
independently in the R and L regions of the Penrose diagram one obtains the following set 
of mode functions in each quadrants: 



UR,i(k) 

UR, (k) : 



e- iujt f(k,r), in R 
0, in L 

e~ iujt f*(k,r), in R 
0, in L 



UL,i( k ) 
UL,o( k ) : 



0, in R 

e- iujt f(k,r) 7 in L 
0, inR 

e~ iujt f*(k,r), inL 



(5.5) 



Only two linear combinations can be built which meet the above criterium on holomor- 
phicity. These are 



: UR }0 + a Q UL,o, 
URA + OLiULA- 



(5.6) 



From the behaviour close to the horizon of the solutions and the analyticity requirement, 
the in-going and out-going cross-connecting functions a, and a are constrained to be 



1YLU 

e 2 . 



e 2 . 



(5.7) 



In order to carry a similar analysis to the case of fermions, one must first check that solutions 
to the Dirac equation in an AdS-Schwarzschild background (5T) behave as e~' lujr * and its 
conjugate. In such a background 4 the spin coefficients are 



LOtr 



r 1 + 



1 



~\ dt, uJi r = r^/fdx 1 . 



The Dirac equation then reads 



-fjl' + il ■ k 
■^7* + H • k 



A(m)^ + (k,r) = 
A(-m)^-(k,r) 



*_(fe,r), 
*+(*:, r), 



(5.8) 



(5.9) 



where A(m) 



(i- 



m 



for the near-horizon behaviour, solutions of the type — 



. Focusing on the terms relevant 
_, ±iur sa tisfy these equations. 



Note that it is crucial that the T° matrix be anti-hermitian. This leading near-horizon 
behaviour of solutions to the Dirac equation in a curved background is reminiscent of the 



forms of the solutions found in [33| in the course of this study of second-quantization for 
neutrino fields in a Kerr background. From the previous discussion on parallely-transported 
spinors in the complex U and V planes, one is led to consider the following set of mode 



'Setting R — 1, tyT = 1 for convenience. 
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functions in each quadrant: 



-i&t 



R,i 



Vf(k, r)i, in R 



0, in L 



-iu)t 



-Uf*(k,r)s, in R 



0, in L 



0, in R 



^—iut 



-Vf(k, r)i, in L 



0, in R 



(5.10) 



-VJjt 



Uf*(k,r)q, inL 



The mergers f(k,r 




e KTt e luir * , as required for solutions to the 



behave as ^ 

Dirac equation, except for the extra e ziznTt term, which could be inserted in the defini- 



tions of the modes in ( |5.13 ) below. As for the scalar case reviewed above, the conditions 
that positive-frequency solutions are analytic in the lower U and V complex planes and 
negative-energy modes are analytic in their upper counterparts leads to the following linear 
combinations 



\lpi = 4>R,i + (3i1pL,i- 

The behaviour of the solutions close to the horizon fixes 




(5.11) 



(5.12) 



The out-going and in-going solutions in (|5.1l|) form a basis for a spinor field defined over 
the full Kruskal plane of the AdS-Schwarzschild geometry 



k 



[a(w, k)V> (/c, r) + b(u, k)ipi(k, r)] . 



(5.13) 



In accordance with our discussion on the variational principle for spinor fields in AdS/CFT 
we do not expand the ^+ field. Its leading-order part in an expansion near the bound- 
ary is fixed. One must fix the "position" and leave the "momentum" free to vary in a 
set of canonically conjugate pairs given by xo an d ipo- The coefficients a(w, k), 6(u;,k) 
are determined by requiring that ( 5.13 ) approaches yE^fc) and on their respective 

boundaries: 



cl(uj, k)v^7? + b(u, k)VVi 



a(u, k)e™ VU(-)q - b(u, k)V=F(-)i 



-le 



1 



(5.14) 



The function f(k,r) is normalized such that f(k,rQM) = 1 at the boundary. The overall 
minus sign on the r.h.s. of the second equation results from the effect on spinor fields of 
time reversal from going to the R-quadrant to the L one 5 : 



t(x)T = -* +>a (Tx) 



+ *_,a(Tx) 



(5.15) 



5 Our conventions for the Clifford algebra differ from those of This affects in particular the F 5 

matrix. Hence the overall sign flip in (p.lq) as compared to the more familiar equation (40.32) from j34|. 
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Also, recall that raising or lowering a spinor index comes with a minus sign. The meaning of 



( 5.14 ) is as a set of two equations for two unknown spinors, a(uj, k)y — U<i and b(u, k)vF i. 
The second equation in (5.14) involves the same unknown spinors but in the L quadrant, 
which introduces extra \[— T. Taking care of those additional factors of i which occur in 



going from 




, (5.14) leads to 



a(u, k)V— U 



J +i 



b(u,k)VV \ r . 



J + l 



*_(fc) + e~^"^t{k) 



(5.16) 



Here, ti(lo) 



i 



e $u + i is the Fermi-Dirac distribution. A computation of real-time Green 
functions from the standard AdS/CFT prescription is now in order. The classical boundary 
action in r — t coordinates is 



SdM 



d d k 



m ( 27T ) 
d d k 



^-gg rr ^ + (-k, r)^_ (k, r) 



(2vr) c 



TR 



d d k 



v / =5F F * + (-fc,r)*_(A:,r) 



>L 



(5.17) 



For a scalar field the second integral would have come with the opposite sign. Here, however 
one must recall that spinor fields behave non-trivially when they cross the L quadrant 
where time ordering is reversed. While is invariant under time-reversal, what we are 
really considering instead is an expression where is fixed whereas ^_ is free to vary. 
The unusual sign is associated with the latter's transformation under time reversal, (|5.15| ). 
Using ( 5.13 ) and ( 5.16| ) the boundary action becomes 

d 4 k 



SdM 



(2 _ j4 V=^n(a;)u J i iO (A0 [§?(-fc)*-(fc) + e^^(-k)* L (k) 

j^V=g(rn(u;)u Rtl (k) [e^^(-k)^ R (k) 
d A k 

d 4 k 

W) 1 



y/ = g^n{u)u Lt0 {k)e e r *+(-£)*-(&) + e^^+(-k)^(k) 



y/-gg rr n(uj)uL,i(k)e 2 



e^^(_jfe)*«(Jb) _ e ^ i ^ I ;{-k)^ L (k) 



(5.18) 



Equations ( |3.26| ) and (|2.8|), which for fermionic operators reads G Aja i,(k) = G* f 



R,l 



-iS*(kht 



iS* {k)rf ab - from T° being anti-hermitian, cf., e.g., ( 3.1 1] ) - and the near- 



boundary expansions of \P ± ' yield 

G RR (k) = -i [n(u)e^(-i)G R (k) + n(u)(-i)G A (kj\ = -ReG R {k) + itanh(^)ImG i? (fc), 
G LL (k) = -i [-n{uj){-i)G R {k)-n(uo)e^{-i)G A {k)] = ReG R (k) + ;tanh(#)ImG R (fc), 

(5.19) 



G RL {k) 
G LR (k) 



-in{u)e^ [(-i)G R (k) - (-i)G A (k)] 



^jlmG R (k), 



'Ha 



-in{u)e~ [-(-i)G R (k) + (-i)G A (k)} = ^lmG R (k) 



-13- 



These are the Schwinger-Keldysh propagators (|2.9| ) with a = & for a fermionic operator 
dual to the supergravity field ^. One can redefine (k) to obtain real-time propagators 
with arbitrary < a < j3. Let us illustrate how ( 5.19| ) is obtained and focus on Gnn(k). 



The relevant terms from the boundary action are 

-in(u)y/=g(F [u R 4k)e^^(-k)^(k) + u Rt0 (k)^(-k)* R (k)] . 

The first one comes with an in-going mode. One then uses the near-boundary expansion for 
ty± and the relation Q3.20 ), i.e. ipo(k) = S(k)xo{k), to translate this term into an expression 



proportional to the retarded propagator. On the other hand, the second term in brackets 
involves an out-going mode. It must be associated with an advanced Green function 
pp. One then writes V-S0 rr *+(-&)*-(*O = y/-99 rr ^-(k)^+(-k) which is equal to 
S*(k)xo(k)xo(-k) = S*(k)xo(-k)xo(k). This finally leads to the stated result. We have 
thus checked that Schwinger-Keldysh correlators for fermionic operators and the standard 
relations among them and the retarded, advanced and symmetric propagators hold in 
AdS / CFT by taking functional derivatives of boundary part of the dual supergravity action. 
This prescription can be generalized to higher-point functions of a fermionic operator, 
provided the non-quadratic parts of the action for its dual supergravity spinor field are 
known. 

Acknowledgments 

This work was supported in part by Contrat de Formation par la Recherche, CEA Saclay. 
Thanks are due to Tae-Joon Cho, from DAMTP, for references on spinors and twistors. 

References 

C. P. Herzog and D. T. Son, "Schwinger-Keldysh propagators from AdS/CFT 
correspondence," JHEP 0303, 046 (2003) [arXiv:hep-th/02 12072]. 

E. D' Hoker and D. Z. Freedman, "Supersymmetric gauge theories and the AdS/CFT 
correspondence," arXiv:hcp-th/0201253. 

J. Casalderrey-Solana and D. Tcancy, "Heavy quark diffusion in strongly coupled N = 4 Yang 
Mills," Phys. Rev. D 74, 085012 (2006) [arXiv:hep-ph/0605199]. 

S. S. Gubser, "Momentum fluctuations of heavy quarks in the gauge-string duality," Nucl. 
Phys. B 790, 175 (2008) [arXiv:hep-th/0612143]. 

J. Casalderrey-Solana and D. Teaney, "Transverse momentum broadening of a fast quark in a 
N = 4 Yang Mills plasma," JHEP 0704, 039 (2007) [arXiv:hep-th/0701123]. 

J. de Boer, V. E. Hubeny, M. Rangamani and M. Shigemori, "Brownian motion in 
AdS/CFT," arXiv:0812.5112 [hep-th]. 

D. T. Son and D. Teaney, "Thermal Noise and Stochastic Strings in AdS/CFT," 
arXiv: 090 1.2338 [hep-th]. 

G. C. Giecold, E. Iancu and A. H. Mueller, "Stochastic trailing string and Langevin 
dynamics from AdS/CFT," arXiv:0903.1840 [hep-th]. 

P. M. Chesler and L. G. Yaffe, "Horizon formation and far-from-equilibrium isotropization in 
supersymmetric Yang-Mills plasma," arXiv:0812.2053 [hep-th]. 



-14- 



[10] G. C. Giecold, "Heavy quark in an expanding plasma in AdS/CFT," arXiv:0904.1874 
[hcp-th] . 

[11] A. Akhavan, M. Alishahiha, A. Davody and A. Vahedy, "Fermions in non-relativistic 
AdS/CFT correspondence," arXiv:0902.0276 [hep-th]. 

[12] M. Cubrovic, J. Zaanen and K. Schalm, "Fermions and the AdS/CFT correspondence: 
quantum phase transitions and the emergent Fermi-liquid," arXiv:0904.1993 [hep-th]. 

[13] R. G. Leigh and N. N. Hoang, "Real-Time Correlators and Non-Relativistic Holography," 
arXiv:0904.4270 [hep-th]. 

[14] K. Skenderis and B. C. van Rees, "Real-time gauge/gravity duality," Phys. Rev. Lett. 101, 
081601 (2008) [arXiv:0805.0150 [hcp-th]]. 

[15] K. Skenderis and B. C. van Rces, "Real-time gauge/gravity duality: Prescription, 
Renormalization and Examples," arXiv:0812.2909 [hcp-th]. 

[16] B. C. van Rees, "Real-time gauge/gravity duality and ingoing boundary conditions," 
arXiv:0902.4010 [hcp-th]. 

[17] D. T. Son, "Toward an AdS/cold atom correspondence: a geometric realization of the 
Schroedinger symmetry," Phys. Rev. D 78, 046003 (2008) [arXiv:0804.3972 [hcp-th]]. 

[18] C. P. Herzog, M. Rangamani and S. F. Ross, "Heating up Galilean holography," JHEP 0811, 
080 (2008) [arXiv:0807.1099 [hep-th]]. 

[19] J. Maldacena, D. Martelli and Y. Tachikawa, "Comments on string theory backgrounds with 
non-relativistic conformal symmetry," JHEP 0810, 072 (2008) [arXiv:0807.1100 [hep-th]]. 

[20] A. Adams, K. Balasubramanian and J. McGreevy, "Hot Spacetimes for Cold Atoms," JHEP 
0811, 059 (2008) [arXiv:0807.1111 [hcp-th]]. 

[21] M. Le Bellac, "Thermal Field Theory," CUP (1996). 

[22] N. P. Landsman and C. G. van Weert, "Real- and Imaginary- Time Field Theory at Finite 
Temperature and Density," Phys. Rept. 145, 141 (1987). 

[23] L. P. Kadanoff and G. Baym, "Quantum Statistical Mechanics: Green's Function Methods in 
Equilibrium and Noncquilibrium Problems," W. A. Benjamin, Inc. (1962). 

[24] M. Hcnningson and K. Sfetsos, "Spinors and the AdS/CFT correspondence," Phys. Lett. B 
431, 63 (1998) [arXiv:hcp-th/9803251]. 

[25] M. Henneaux, "Boundary terms in the AdS/CFT correspondence for spinor fields," 
arXiv:hep-th/9902137. 

[26] N. Iqbal and H. Liu, "Real-time response in AdS/CFT with applications to spinors," 
arXiv:0903.2596 [hep-th]. 

[27] N. Iqbal and H. Liu, "Universality of the hydrodynamic limit in AdS/CFT and the 
membrane paradigm," Phys. Rev. D 79, 025023 2009 [arXiv:0809.3808 [hep-th]]. 

[28] C. W. Misncr, K. S. Thornc and J. A. Wheeler, "Gravitation," W. H. Freeman and Cie 
(1973). 

[29] J. Polchinski, "String theory, Volume 2: Superstring theory and beyond," CUP (2004). 

[30] R. Penrose and W. Rindler, "Spinors and space-time: Volume 2, Spinor and twistor methods 
in space-time geometry," CUP (1988). 



- 15 - 



[31] R. Penrose and W. Rindler, "Spinors and space-time: Volume 1, Two-spinor calculus and 
relativistic fields," CUP (1988). 

[32] E. Newman and R. Penrose, "An Approach to Gravitational Radiation by a Method of Spin 
Coefficients," J. Math. Phys. 3, 566 (1962). 

[33] W. G. Unruh, "Second quantization in the Kerr metric," Phys. Rev. D 10, 3194 (1974). 

[34] M. Srednicki, "Quantum field theory," CUP (2007). 

[35] D. T. Son and A. O. Starinets, "Minkowski-space correlators in AdS/CFT correspondence: 
Recipe and applications," JHEP 0209, 042 (2002) [arXiv:hcp-th/0205051]. 



- 16 - 



